Abstract. We define a natural generalization of generalized n-gons to the case of Λ-graphs (where Λ is a totally ordered abelian group and 0 < λ ∈ Λ). We term these objects λ Λ -gons. We then show that twin trees as defined by Ronan and Tits can be viewed as (1, 0) Λ -gons, where Λ = Z × Z is ordered lexicographically. This allows us to then generalize twin trees to the case of Λ-trees. Finally, we give a free construction of λ Λ -gons in the cases where Λ is discrete and has a subgroup of index 2 that does not contain the minimal element of Λ.
Introduction
In 1988, M. Ronan and J. Tits [T4] (see [T2] and [T3] also) introduced the notion of twin buildings. These buildings allow one to extend many of the techniques used to study buildings of spherical type to nonspherical buildings. They have also proven useful in the study of Kac-Moody groups and other algebraic groups. As with the case of spherical buildings, twin buildings of rank greater than 3 appear to be highly restricted but very interesting. However, in the rank 2 case, and in particular the case of twin trees, there is much more freedom. Recently M. Ronan and J. Tits [RT] have made great headway in the study of twin trees. They have found many interesting examples and many analogues of results for generalized n-gons.
The idea of Ronan and Tits is to pair up two isomorphic trees by use of a codistance function so that there is a similar natural bijection between the neighbors of opposite vertices. Using this property, Ronan and Tits then prove a rigidity theorem for twin trees generalizing the rigidity theorem for generalized n-gons. In particular, they show if φ is an automorphism of a twin tree fixing opposite edges e 1 and e 2 and fixing all the neighbors of the vertices of e 1 , then φ is the identity. Similarly, Ronan and Tits generalize the notion of a Moufang n-gon to a twin tree. (For the definition of a Moufang n-gon see [R, Chapter 6] .) Again, they are able to prove theorems for twin trees that are analogues of theorems for generalized n-gons. Throughout their paper, Ronan and Tits use arguments very similar to the arguments used for generalized n-gons. While Ronan and Tits use techniques from the study of generalized n-gons, there is never any specific link between the two given.
The goal of this paper is to provide a link between twin trees and generalized n-gons using Λ-graphs and Λ-trees. In section 2 we give the necessary background
Preliminaries
We will be using ideas from three main areas in this paper: the study of twin trees, the study of Λ-trees and Λ-graphs (where Λ is a totally ordered abelian group), and the notion of a generalized n-gon.
Twin Trees and n-gons. Throughout this section we will follow much of the work of M. Ronan and J. Tits [RT] .
Definition.
A twin tree is a triple (T + , T − ,d) such that T + and T − are (combinatorial) trees, andd
is a symmetric function satisfying the following conditions:
1.d(x, y) ≥ 0 for all (x, y) in the domain ofd. 2. Ifd(x, y) = m, and y ∼ y (where y ∼ y means that (y, y ) is an edge of one of the trees), thend(x, y ) = m ± 1. 3. Ifd(x, y) = m > 0, then there is a unique y adjacent to y (in T + or T − as y is) withd(x, y ) = m + 1.
We termd(x, y) the codistance of x and y. We call the twin tree T thick if all vertices of T + and all the vertices of T − have valency at least 3. Define vertices x ∈ T + and y ∈ T − to be opposite ifd(x, y) = 0.
Following [RT] , given a tree in which every vertex has valency at least 2, an apartment is a path having no end points. A half-apartment is a path with only one end point. Two half-apartments have the same end if their intersection is a half-apartment. This defines a natural equivalence relation on the set of halfapartments, and we call these equivalence classes the ends of the tree.
It is now an easy consequence of the definition of a twin tree that two nonopposite vertices determine unique ends of T + and T − by taking in T + the path (x 0 , x 1 , . . . ) of vertices starting with x 0 = x and letting x i be the unique vertex adjacent to x i−1 whose codistance from y is larger. Similarly we define an end of T − .
As a consequence of this definition, Ronan and Tits [RT, Proposition 3.4] 
Using the standard definitions of graph theory, for n ∈ Z + , we define a generalized n-gon to be a (combinatorial) bipartite graph G with diameter n and girth 2n.
We state the following standard result on generalized n-gons (see [K] Given a set T , a Λ-metric on T is a function d :
(ii) d(x, y) ≥ 0 with equality if and only if x = y; and y, z) . In this case we call the pair (
Definition. The pair (T, d) is a Λ-tree if T is a set and d is a Λ-metric on T such that the following conditions are satisfied: 1. For all x, y ∈ T , there exists a unique Λ-isometry Definition. The triple (T, d, v ) is a rooted Λ-tree if (T, d) is a Λ-tree, and v is either a vertex or an end of T . We say that v is the root of (T, d, v) . This definition varies slightly from that of [AB] , as they only allow for a Λ-tree to be rooted at a vertex.
We will use an equivalent definition of a rooted Λ-tree with a semi-lattice flavor. Given a set T and a partial order ≤ on T , we say that (T, ≤) is a tree if for all x ∈ T , the set { y ∈ T | x ≤ y } is totally ordered under ≤. The pair (T, ≤) is an upper semi-lattice, if every pair of elements a, b ∈ T has a least upper bound a ∨ b in T . We now state without proof an elementary but useful proposition. 
A semi-lattice Λ-tree is a triple (T, ≤, δ) such that (T, ≤) is an upper semi-lattice tree, and
such that for all x, y ∈ T with x ≤ y there exists a Λ-isometry
with f x,y (0) = x and f x,y (δ(x, y)) = y. We define the set [x, y] to be the image of f x,y , which is of course
Clearly from the above we have that a rooted Λ-tree uniquely determines a semilattice Λ-tree in the fashion stated above. Interestingly, there is an inverse process taking a semi-lattice Λ-tree to a rooted Λ-tree.
Given a semi-lattice Λ-tree (T, ≤, δ), 
Similarly, a semi-lattice Λ-tree uniquely determines a rooted Λ-tree by the process given in the preceding paragraph. Moreover, these two processes are inverse.
Λ-Distance Graphs
Before we define a generalized λ Λ -gon we need a general definition of a Λ-distance graph.
Definition. Let G = (P, d), where P is a set and d is a Λ-metric on P. Let
We say that G is a Λ-distance graph if the following conditions are satisfied:
, Basarab defines a more general Λ-graph which allows for multiple edges and loops in Z-graphs. This definition is quite complicated, however, and while the above is a special case, this is extremely difficult to show.
Note.
As an easy consequence of the definition, we note that for f ∈ F G , the function
is a Λ-isometry, and for f, g as in 2, we have a fg = a g −1 f −1 . It is straightforward to see that Λ-trees, combinatorial graphs, and the unit circle in R 2 are all Λ-graphs with Λ = Z in the second case, and Λ = R in the third.
We then define the length of f * g to be l(f
The non-backtracking concatenation f * g can be thought of as the path obtained by following f and then g, but eliminating the portion over which you backtracked. Proposition 3.1. Let G = (P, d) be a Λ-graph and F the associated set of isometries from intervals of Λ to G. Suppose f, g, h ∈ F are such that f (λ f ) = g(0) and
, and hence the operation * is associative whenever it makes sense.
Proof. The proof is tedious but straightforward. We will leave the details to the reader with the following comments. If a fg + a gh < λ g , one simply writes down the two functions and sees that they are equal since a (fg)h = a gh and a f (gh) = a fg . If a fg + a gh ≥ λ g , then the proof becomes a little harder. Writing down the functions, the result rests on showing that f (
follows from the definitions of a fg , a gh , etc.
Definition. In general, we define a path of G to be P = f 1 * · · · * f k , with the obvious requirements on the f i , and given a path P , inductively define the length of P to be
For convenience, we will often write λ P in place of l(P ). It is immediate that l(P ) = (l(f i ))− 2α for some α ∈ Λ. Note that given a path P , by the Y-condition there exist
We say that G achieves its diameter if there exist x, y ∈ P such that d(x, y) = diam(G). Note that it is possible both for the diameter of G to be undefined and for d (x, y) to have an upper bound.
Definition. Let G = (P, d) be a Λ-distance graph. A circuit of G is a path P = f 1 * · · · * f k such that λ P > 0 and P (0) = P (λ P ). Define the girth of G to be the inf P (λ P ), where the infimum is taken over the set of all circuits of G. We say that G achieves its girth, if there exists a circuit P of G such that λ P is the girth of G. Again, it is possible that the girth of G could be undefined in Λ. If Λ is discrete, then any Λ-distance graph having a diameter and girth in Λ, achieves both.
We close this section with the covering theorem of Basarab. Proof. Choose a base point x ∈ P. Let (S, ≤ x ) be the partially ordered set of all paths of G with initial vertex x where the order is inclusion. We claim that (S, ≤ x ) is an upper semi-lattice tree. That (S, ≤ x ) is an upper semi-lattice follows from the Y-condition for Λ-distance graphs. That it is a tree, is immediate since the set of subpaths based at x of a path P is linearly ordered by inclusion.
is an isometry from the subpaths of P 1 based at x to [0, l(P 1 )], it follows that (S, ≤ x , d ) is a lattice Λ-tree. Let T = (T,d) be the underlying Λ-tree. Now suppose C is a circuit of G based at x. The bijection φ C : S → S defined by φ C (P ) = C * P acts as an isometry on T . Let H = φ C | C a circuit of G . It is immediate that H is a group of isometries of T . Moreover, no element of H can fix any element of S. Define T /H = (P , d ) by letting P be the set of equivalence classes of points of T under H, and letting d (P 1 , P 2 ) be the minimal distance between any two representatives of P 1 and P 2 . Such a minimum exists since the representatives of P i are just the paths whose terminal vertex is the terminal vertex v i of P i , and there is a minimal path P between v 1 and v 2 in G. Thus the path in T which is the lift of P is a path of minimal length from P 1 to P 2 . We now claim that G ∼ = T /H. Let Ψ : T /H → G be defined by Ψ(P ) = P (l(P )), i.e. the terminal vertex of P . It is now an easy check to see that d (P 1 , P 2 ) = d(Ψ(P 1 ), Ψ(P 2 )), since Ψ maps paths in T to paths in G.
Λ-gons
We now wish to study a special case of Λ-distance graphs generalizing the notion of generalized n-gons. Unfortunately, the most obvious way of generalizing the definition fails to satisfy certain of the natural conditions we wish to have.
For P a path of a Λ-distance graph G, and λ < λ P , we define P | λ to be the path restricted to the interval [0, λ] of its domain.
Definition. Let Λ be a totally ordered abelian group, and λ ∈ Λ with λ > 0. A generalized λ Λ -gon is a Λ-distance graph G of diameter λ and girth 2λ such that for all paths P of G with λ P > λ there exist a α ∈ (λ, λ P ] and a circuit C of G such that P | α ⊂ C and λ C = 2λ.
Notation. We will simply write λ-gon for λ Λ -gon if the context allows. Proof. The first claim follows since λ f * g > 0 if f = g, and if there were paths P 1 and P 2 from x to y with P 1 = P 2 , then C = P 1 * (P 2 ) −1 would be a circuit of length less than 2λ. The second claim follows from the definition. Proposition 2.2 implies that generalized n-gons with n ∈ Z + are in fact generalized n Z -gons. The following proposition shows that all generalized n Z -gons are generalized n-gons.
Proposition 4.2. Let G = (P, d, F) be a generalized n Z -gon. Then G is a generalized n-gon, where P is the set of vertices of G, and { x, y } is an edge of G if d(x, y) = 1.
Proof. It suffices to show that G is a bipartite graph, since the girth of G is 2n and the diameter of G is n by the definition of G. Now, suppose
is a circuit of minimal odd length greater than 2n. Then, since P = x 0 , . . . , x n is a path of length n + 1, there exists a circuit of length 2n in G containing P . This implies there is a path from x to x n of length n − 1. Thus we obtain a circuit C by beginning on this path of length n − 1. However, the length of C is 2 less than the length of C. But C also has odd length greater than 2n, contradicting the choice of C.
When Λ is discrete we can simplify the definition of a λ-gon slightly so that it closely resembles the definition of an n-gon in the usual sense. Proof. Let G be a generalized λ-gon. We need only see that G has no circuits of length 2λ + 1. Suppose C = f 1 * · · · * f k is a circuit of length 2λ + 1. Then by For the reverse direction, we simply need to see that G satisfies the property that any path P of length greater than λ has a restriction of length greater than λ contained in a circuit of length 2λ. Consider P| λ+1 . Let a be the initial point of P , b the point of P | λ+1 at distance λ from a, and c be the terminal point of P | λ+1 . Then since d(a, c) ≤ λ, there exists a path P from a to c of distance less than or equal to λ. However, λ P < λ, since otherwise P * (P ) −1 would be a circuit of length 2λ + 1. Thus P * (P ) −1 must be a circuit of length 2λ.
Suppose Λ is a discrete totally ordered abelian group and G is a generalized λ-gon. Let 1 be the minimal positive element of Λ and define x, y ∈ G to be adjacent
The following is an immediate corollary of the preceding proposition. We are now ready to prove one of our main theorems relating λ Λ -gons and twin trees.
Let T = (T + , T − ,d) be a twin tree. Let Λ = Z × Z. Let P = T + ∪ T − , and let d n : P × P → Λ be defined as follows: Proof. We first show that Φ n (T ) is a Λ-distance graph. The function d n is symmetric sinced is symmetric. Similarly, condition 2 of the definition of a twin tree implies that d n satisfies the triangle inequality. Hence d n is a Λ-metric.
Condition 1 in the definition of a Λ-distance graph is immediate if x and y lie in the same tree. Suppose x ∈ T + and y ∈ T − . By Proposition 2.1, there exist sequences (x 0 , x 1 , . . . ) and (y 0 , y 1 , . . . ) with x = x 0 and y = y 0 such that d(x i , y j ) =d(x, y) + i + j and x i is adjacent to x i−1 and y i is adjacent to y i−1 for all i. Moreover, these sequences are unique ifd(x, y) > 0. Letd(x, y) = m, and define f x,y : [(0, 0) 
We then have
An easy check shows f x,y is an isometry. If T + and T − are reversed, a similar definition will give an isometry.
For the second condition in the definition of a Λ-distance graph, we note that the condition can only fail if there exist x, y ∈ T + and z ∈ T − (or vice versa) witĥ d(x, z) > 0 andd(y, z) > 0 such that x and z determine ends e 1 and e 2 and y and z determine ends e 1 and e 3 with e 2 = e 3 . However, by Proposition 2.1 this is impossible. Hence, Φ n (T ) is a Λ-distance graph.
Since Λ is discrete, we can apply Proposition 4.3. It is immediate that Φ n (T ) has diameter (1, n). By Proposition 2.1, we know that the girth of Φ n (T ) is at least (2, 2n). Now examining a pair of apartments of T + and T − with the same ends, we see that this pair corresponds to a circuit of Φ n (T ) of length (2, 2n). Hence the girth of Φ n (T ) is (2, 2n). Lastly we need to check that Φ n (T ) has no circuits of length (2, 2n + 1). However, the existence of such a circuit would imply that there existed points x ∈ T + and y 1 , y 2 ∈ T − such thatd(x, y i ) = 0 for i = 1, 2. This is a contradiction to condition 1 in the definition of a twin tree. Thus we have that Φ n (T ) is a (1, n)-gon.
Suppose conversely that
and let
We now have an understanding of what any (1, n)-gon looks like.
Then G is a forest of trees such that for any pair of sub-trees T 1 and T 2 of G, there is a codistance function defined as above from d twinning T 1 and T 2 .
Proof. It is clear that G is a forest since G has girth (2, 2n). Now, let T 1 and T 2 be two trees in G.
To check this we need simply see that every minimal path connecting vertices x and y of T 1 and T 2 is contained in T 1 ∪ T 2 . But this follows immediately, since if z lies on such a minimal path, then
Now, letting x ∈ T 1 and y ∈ T 2 be chosen such that d(x, y) = (1, n), we then have that Ψ x,y (G) is a twin tree. Of course, Ψ x,y (G) = (T 1 , T 2 ,d), whered is defined as above.
Given a twin tree T , we note that for any choices of x, y ∈ Φ n (T ) with d n (x, y) = (1, k) for some k ∈ Z, we have Ψ x,y (Φ n (T )) ∼ = T . It may be the case, however, for a general (1, n)-gon that there are vertices x, y, z ∈ P such that d (x, y), d(x, z) and d(y, z) are all greater than (0, m) for all m ∈ Z. Hence, there are (1, n)-gons corresponding to forests of more than two trees.
As a corollary of Theorem 4.5 and Theorem 3.2, we obtain with Λ = Z × Z ordered lexicographically:
Corollary 4.7. Given a twin tree T = (T + , T − ,d), there exist a Λ-tree C(Φ n (T )) "covering" T , and a group G of isometries of C(Φ n (T )) such that
As a final note, we point out that the definition of a generalized λ-gon makes it easy to generalize the notion of a twin tree to Λ-trees. Given Λ a totally ordered abelian group, let Λ = Z × Λ be ordered lexicographically. Let 0 also denote the zero element of Λ.
Definition.
A twin Λ-tree is a generalized (1, 0) Λ -gon such that there exist points x, y ∈ P with min{ d(x, z), d(y, z) } < (1, λ) for all λ ∈ Λ and all z ∈ P.
Applying a process like that used to define Ψ x,y (G) up above, a twin Λ-tree corresponds to a triple (T x , T y ,d), where
Defining Φ 0 for general Λ as we did in the case Λ = Z above, we have:
Free Construction
In this section we give a free construction of λ Λ -gons when Λ is discrete and satisfies one extra condition. Suppose Λ is a discrete totally ordered abelian group with minimal element 1 Λ . Suppose further that Λ ⊂ Λ is a subgroup of index 2 not containing 1 Λ . We note that if Λ = Λ × 1 Λ , lexicographically ordered, then Λ = Λ × 2 · 1 Λ is such a subgroup. We define an element α of Λ to be even if α ∈ Λ , and we define α to be odd if α / ∈ Λ . Given α, β ∈ Λ, it follows that the element α + β is even if and only if either both α and β are even or both are odd. Choose λ ∈ Λ with λ > 1 Λ . For ease of notation, we will write k in place of k · 1 Λ .
In this case, we define a free construction based on the free construction of n-gons (see [R] for example). Begin with a Λ-graph G with diameter greater than λ and no odd circuits. A Λ-graph G 1 is created by connecting all pairs of vertices (x, y) of distance greater than λ by a path of length λ − 1 if d(x, y) + λ − 1 is even. The last condition implies that G 1 has no odd circuits, and the first condition implies that if x, y are vertices of G, then d G1 (x, y) ≤ λ. Inductively the Λ-graph G m+1 is created by the same process from the Λ-graph G m . It then will follow that ∞ m=1 G m is an λ-gon. In the case where Λ = Z, the argument is straightforward. Below we deal precisely with the more general case.
Let G = (P, d) be a Λ-distance graph containing no circuits of odd length, and having diameter greater than λ. Suppose a, b ∈ P are such that d(a, b) ≥ λ + 1. We define G λ,a,b = (P , d ), where
extended symmetrically.
Finally, if a f3g1 = λ f3 = λ g1 , and λ = λ f2 = λ g2 , we take a fg = a f1g3 + λ g1 + λ. In each of these cases, it is clear that a fg is an element of [0, λ g ] satisfying the requirements of the Y-condition, since the Y-condition is satisfied in G. Hence G λ,a,b is a Λ-graph.
Since G λ,a,b ∼ = G λ,b,a , we define G λ,{a,b} = G λ,a,b . We now give a technical result that we will use later. 
establishing (5.2.1). Results (5.2.2) and (5.2.3) follow immediately from the definition of d . Suppose C = x 0 , x 1 , . . . , x n = x 0 is an odd circuit of G λ,a,b containing a minimal number of elements not in P. Without loss of generality, we may assume x 0 , x 2 ∈ P and x 1 / ∈ P. An easy check will verify that d (x 0 , x 2 )+d (x 0 , x 1 )+d (x 1 , x 2 ) is even. As a result, C = x 0 , x 2 , x 3 , . . . , x n is an odd circuit containing fewer members not in P. Hence G λ,a,b has no odd circuits. It is immediate that if d(a, b) > λ + 1, then the diameter of G λ,a,b is at least λ + 1. It is also clear that the shortest circuit must still have length at least 2(λ + 1).
be a finite set, and suppose {a, b} ⊂ S implies d(a, b) + λ is even. Define
Proposition 5.3. If G is a Λ-graph with diameter at least λ+1 and no odd circuits, and if S is as above, then G S,λ also is a Λ-graph with no odd circuits having diameter at least λ + 1. Moreover, G S,λ is independent of the ordering of the elements of S.
Proof. Induction and the preceding propositions imply G S,λ is a well-defined Λ-graph with no odd circuits. The final result can be verified by induction and an easy calculation on the distance function in the case |S| = 2.
We are now ready to give the main step in the free construction of a λ Λ -gon. Suppose G is a Λ-graph and having no odd circuits, diameter at least λ + 1 and girth greater than 2λ. Define License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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In general T will not be finite. Define G T (G),λ−1 = (P T (G) , d T (G) ) as follows: Let
If f is an isometry for G T (G) whose image contains one point of the form (a, b, α) , either f contains every point of that form, or f begins or stops at such a point and λ f ≤ 2λ. Hence the image of f must be contained in G J f for some subset J f of T with at most three elements. Our goal is to show that f is an isometry for G J f . To prove this, we will need the following lemma: Let G 0 be any Λ-graph with no odd circuits, having diameter greater than λ, and girth greater than or equal to 2λ. Define G 1 = G T (G0),λ−1 and inductively define G i = G T (Gi−1),λ−1 . Write G i = (P i , d i ) and F i = F Gi . Theorem 5.6. With the above definitions, let H be the Λ-graph with P(H) =
